The operation of replacing every vertex of an r-regular lattice H by a complete graph of order r is called clique-inserting, and the resulting lattice is called the clique-inserted lattice of H. For any given r-regular lattice, applying this operation iteratively, an infinite family of r-regular lattices is generated. Some interesting lattices including the 3-12-12 lattice can be constructed this way. In this paper, we recall the relationship between the spectra of an r-regular lattice and that of its clique-inserted lattice, and investigate the graph energy and resistance distance statistics. As an application, the asymptotic energy per vertex and average resistance distance of the 3-12-12 and 3-6-24 lattices are computed. We also give formulae expressing the numbers of spanning trees and dimer coverings of the k-th iterated clique-inserted lattices in terms of that of the original one. Moreover, we show that new families of expander graphs can be constructed from the known ones by clique-inserting.
Introduction
In the study of lattice statistical physics, one family of 2-dimensional lattices that have received a lot of attention are constructed by replacing each vertex of r-regular lattices with a complete graph of order r such that each of the r new vertices corresponds to one of the incident edges.
(To avoid triviality, we assume r ≥ 3 throughout the paper.) Such lattices include the martini [18, 21, 23] , the 3-12-12 [19, 21, 22] , the 3-6-24 [6] and the modified bath room lattices [21] . Following [29] , the operation of transforming each vertex of an r-regular graph to an r-clique (complete graph of order r) is called clique-inserting, and the graph obtained this way is called the clique-inserted graph of the original graph. From a given r-regular lattice H, the operation of clique-inserting can also be performed, and the resulting lattice C(H) is called the clique-inserted lattice of the original lattice.
Throughout this paper, we always assume that G denotes an undirected simple graph. Note that in the language of graph theory, the clique-insertion operation on a graph G can be described as taking the line graph of the subdivision graph of G. For any given regular lattice H, by iterating this operation, a set of hierarchical regular lattices, namely, iterated cliqueinserted lattices can be obtained. Denote {C k (H)} k≥0 the sequence of clique-inserted lattices with C 0 (H) ≡ H and C k+1 (H) = C(C k (H)). Start with the hexagonal lattice, the 3-12-12, 3-6-24 and 3-6-12-48 lattices (refer to [6] for definitions of these lattices) can be generated by clique-inserting. In this case, the clique-insertion operation on a lattice is equivalent to the fundamental "Y-Delta" transformation (also known as the star-triangle transformation) on the subdivision graph of the original lattice. By this observation we obtained the relations between some physical and chemical indices of r-regular lattices and their k-th clique-inserted lattices. With such relations, we can compute some indices of some complex lattices easily based on the results of well-studied lattices such as the square and hexagonal lattices.
In this paper, we consider the lattices produced by the operation of clique-inserting on regular lattices with free, cylindrical and toroidal boundary conditions. We will discuss the energy per vertex, average resistance (the Kirchhoff index over the number of pairs of vertices) and the entropy of spanning-tree and dimer models of such lattices. We will also use the operation of clique-inserting to construct new families of expander graphs from known ones.
The dimer model on regular lattices has attracted the attention of many physicists as well as mathematicians. For some classical works, we refer to [4, 20, 22] . Cayley [1] and Kirchhoff [11] presented the problem of enumeration of spanning trees of graphs, and further work in statistical physics has appeared in both physics and mathematics literature. For a good survey, the reader is referred to [19] . On the basis of electrical network theory, the study of resistance distance was initiated by Klein and Randić [12] , and the related index named "Kirchhoff index" was well studied in [9, 24] . In 1930s, Hückel proposed a method for finding approximate solution of the Schrödinger equation of a class of organic molecules, the so-called conjugated hydrocarbons. In the framework of this modelization, the total π-electron energy, can be approximated by the sum of the absolute values of eigenvalues of the molecular graphs under certain chemical-based conditions. Gutman abstracted a mathematical notion from this application-driven analysis on molecular graphs, therefore he defined graph energy as a graph invariant [7, 8] . Since then, graph energy has been studied extensively by Chemists and Mathematicians. Yan and Zhang [27] proposed the energy per vertex problem for lattice systems and showed that the energy per vertex of 2-dimensional lattices is independent from the boundary conditions, under various choices. For a comprehensive survey of results and common proof methods obtained on graph energy, see the monograph on graph energy [13] and references cited therein. Expander graphs were first defined by Bassalygo and Pinsker in the early 70's. These graphs are regular sparse graphs with strong connectivity properties, measured by vertex, edge or spectral expansion as described in [10] . For a graph, having such a property has significant implications in various disciplines including complexity theory, computer networks, statistical mechanics and so on.
The rest of the paper is organized as follows. The expression of the energy and Kirchhoff index of k-th iterated clique-inserted lattices of regular lattices are discussed in sections 2 and 3, respectively. As an application, we compute the energy per vertex and average Kirchhoff index of the 3-12-12 and 3-6-24 lattices. In Section 4, we show that, given z H as the entropy of spanning trees of an r-regular lattice H, the entropy of spanning trees of C k (H) (the k-th iterated cliqueinserted graph of H) is given by r −k (z H +s k (r) ln r(r + 2)) where s k (r) = (r/2−1)(r k −1)/(r−1). We will also show that when H is cubic, the free energy per dimer of C k (H) is 1 3 ln 2. In Section 5, inspired by the Liu and Zhou's work [14] , we show that by applying clique-insertion operation iteratively on an expander family, new families of expander graphs can be obtained. We propose clique-inserting as a modification to extend the size of computer networks, with their expansion properties being preserved to a certain degree.
Asymptotic Energy
Let G = (V (G), E(G)) be a graph with vertex set V (G) = {v 1 , v 2 , . . . , v n } and edge set E(G). The adjacency matrix of G, denoted by A(G), is the n × n symmetric matrix such that a ij = 1 if vertices v i and v j are adjacent and 0 otherwise. 
Lemma 2.1.
[27] Suppose that {G n } is a sequence of finite simple graphs with bounded average degree such that lim
That is, G n and G n have the same asymptotic energy.
Lemma 2.2. [29]
Let G be an r-regular graph with n vertices and m edges. Suppose that the eigenvalues of G are λ 1 = r ≥ λ 2 ≥ ... ≥ λ n . Then the eigenvalues of the clique-inserted graph
, i = 1, 2, ..., n, besides −2 and 0 each with multiplicity m − n.
From Lemma 2.2, we immediately obtain the following corollary.
Corollary 2.3. Let G be an r-regular (r ≥ 3) graph with n vertices and eigenvalues λ 1 ≥ λ 2 ≥ ... ≥ λ n , the energy of the clique-inserted graph of G is
We will use this result to calculate the asymptotic energy per vertex of the 3-12-12 lattice and its clique-inserted lattice in the rest of this section.
3-12-12 lattice
Our notation for the hexagonal lattices follows [27] . The hexagonal lattices on a n × m torus, denoted by H t (n, m), are illustrated in Figure 1 , where
. By the definition of a clique-inserted lattice, it is easy to see that each 3-12-12 lattice on the same geometry is a clique-inserted-graph of H t (n, m), denoted as T t (n, m) (see Figure  2( 
, then the 3-12-12 lattice with cylindrical boundary condition, denoted by T c (n, m) (see Figure 2 (b)) can be obtained. If we delete the edges (a 1 , a * 1 ), (a 2 , a * 2 ), . . . , (a m+1 , a * m+1 ) from T c (m, n), then the 3-12-12 lattice with free boundary condition, denoted by T f (m, n) (see Figure 2 (c)) can be obtained. Note that almost all vertices of T c (m, n) and T f (m, n) are of degree 3. Since T f (m, n) and T c (m, n) are spanning subgraphs of T t (m, n), by Lemma 2.1 we have
It is shown in [27] that the eigenvalues of H t (n, m) are:
Since T t (n, m) is the clique-inserted graph of H t (n, m), we have The last line follows by a numerical integration. Therefore, the 3-12-12 lattices T t (n, m), T c (n, m), and T f (n, m) with toroidal, cylindrical, and free boundary conditions have the same asymptotic energy (≈ 8.895mn). The clique-inserted lattice of T t (m, n) is a lattice with toroidal boundary condition, denoted by S t (m, n), illustrated in Figure 3 . Note that (a 1 , a
3-6-24 lattice
) from S t (n, m), then the 3-6-24 lattice with cylindrical boundary condition, denoted by S c (n, m) (see Figure 3(b) ) can be obtained. If we delete edges (a 1 , a * 1 ), (a 2 , a * 2 ), . . . , (a m+1 , a * m+1 ) from S c (m, n), then the 3-6-24 lattice with free boundary condition, denoted by S f (m, n) (see Figure  3 (c)) can be obtained.
Note that S f (m, n) and S c (m, n) are spanning subgraphs of S t (m, n), by Lemma 2.1 we have
The energy of the clique-inserted-graph of 3-12-12 lattice can be obtained by Thus, the lattices S t (n, m), S c (n, m), and S f (n, m) with toroidal, cylindrical, and free boundary conditions have the same asymptotic energy (≈ 26.8344mn).
Average Resistance
A graph can be viewed as an electrical network such that each edge of the graph is assumed to be a unit resistor. Then the resistance distance between vertices is defined as the effective resistance between them. The Kirchhoff index K(G) of a graph G is defined as the sum of the resistance distance between all pairs of vertices of G. That is,
where R(u, v) denotes the resistance distance between vertices u and v of graph G.
K(G) denote the average Kirchhoff index, that is, the average resistance distance between all pairs of vertices of G. It has been showed in [15] that, in the large n limit, the resistance distance between any two vertices u and v is dominated by the edges adjacent to u and v with contributions 1/d u + 1/d v . Therefore, the asymptotic average resistance of regular lattices are independent of the free, cylindrical and toroidal boundary conditions. Note that differently from the case of graph energy, deleting a cut-edge of a connected graph would change the resistance distance from finite to infinity. Lemma 3.1.
[5] Let G be a connected r-regular graph with n ≥ 2 vertices. Then
Lemma 3.2.
Combining the two lemmas above, the following result is straightforward.
Proposition 3.3. Let G be a connected r-regular graph with n ≥ 2 vertices. Then
3-12-12 lattice
It is shown in [28] that for the hexagonal lattice H t (m, n) with toroidal boundary condition,
Therefore, by Proposition 3.3, we have Thus, the asymptotic average resistance of the 3-12-12 lattice is given as follows:
= 11.7697....
3-6-24 lattice
Based on the Kirchoff index of T t (m, n) and Proposition 3.3, we have
Thus, the asymptotic average resistance of the 3-6-24 lattice is given by,
= 24.9021....
Spanning Trees and Dimer Coverings

Spanning Trees
Let N ST (G) denote the number of spanning trees of G. For G which is a periodic lattice in finite dimension D > 1, N ST (G) has asymptotic exponential growth. Define the quantity z G by
This quantity, corresponding to the free energy per site in the thermodynamic limit, is called bulk free energy. The following lemma indicates the relation between the number of spanning trees of a regular lattice and of its k-th iterated clique-inserted lattice.
Lemma 4.1.
[25] Let G be an r-regular graph with n vertices. Then the number of spanning trees of the iterated clique-inserted-graphs
Therefore, we have the following proposition.
Proposition 4.2. Let H be an r-regular lattice. For C k (H)(k = 0, 1, 2, ..), the rate of growth of the number of spanning trees, z C k (H) , is given by r −k (z H + s ln r(r + 2)), where s = (r/2 − 1)(r k − 1)/(r − 1) and z H denotes the rate of growth of spanning trees of H.
The next Theorem implies that the boundary condition does not affect the bulk limit of a lattice.
Theorem 4.3.
[16] Let G n be a tight sequence of finite connected graphs with bounded average degree such that
For the hexagonal lattice, z hc is 0.8076649... as shown in [19] . Thus, by Proposition 4.2 and Theorem 4.3, we have that for the 3-12-12 and 3-6-24 lattices with toroidal, cylindrical and free boundary condition, z 3−12−12 = 0.7205633... 
Dimer Coverings
Let M (G) denote the number of dimer coverings (perfect matchings) of G. The free energy per dimer of G, denoted by Z G , is defined as Z G = lim With this general result, we can readily obtain the following. Proof. Assume that H has n vertices. Since C k (H) is the line graph of the subdivision of
2 Example 4.6. Let R t (m, n) be the k-th iterated clique-inserted lattice of the hexagonal lattice H t (m, n) with toroidal boundary. Note that the corresponding lattice R c (m, n) (R f (m, n)) with cylindrical (free) boundary condition can be considered as the line graph of a graph which differs from S(C k−1 (H t m, n)) by a small number (small in the sense that the number is o(mn) as m,n approach infinity) of edges. Therefore, by applying Lemma 4.4, we have
In general, when a cubic lattice is a line graph, the free energy per dimer of plane lattices are the same as that of the corresponding cylindrical and toroidal lattices. However, this may not be true when a cubic lattice is not a line graph. The hexagonal lattice is such a counterexample as shown in [26] .
Expansion property
The eigenvalues of L(G), denoted by µ 1 ≤ µ 2 ≤ · · · ≤ µ n are called the Laplacian spectrum of G. It is well known that µ 2 , called the algebraic connectivity of G, is greater than 0 if and only if G is a connected graph. The spectral gap of G is defined as the difference of the largest and the second largest eigenvalues of A(G). Note that for a regular graph, µ i = r − λ i for i = 1, 2, . . . , n, which implies that its spectral gap is equal to its algebraic connectivity. Here we use spectral gap to quantify the expansion property, that is, a family of regular graphs is an expander family if and only if there is a positive lower bound for their spectral gaps, and the larger the bound the better the expansion. This characterization can be formulated to a formal definition as follows: An infinite family of regular graphs, G 1 , G 2 , G 3 , . . ., is called a family of ε-expander graphs [10] , where ε > 0 is a fixed constant, if (i) all these graphs are k-regular for a fixed integer k ≥ 3; (ii) µ 2 ≥ ε for i = 1, 2, 3, . . .; and (iii)
Denote the function iteration of
One primary application of expander graphs is in designing robust computer networks. In the study of computer networks, it would be helpful to find simple and local graph operations to enlarge networks such that the new networks share similar topological properties with the old ones. For instance, Saad and Schultz studied the mapping which maps grid to hypercubes and found many topological properties are preserved under such an operation [17] . In our case, applying clique-inserting on networks can be considered as replacing each workstation by a cluster (modeled by a complete graph) and rewiring them properly. By the following result, we will see that this provides a modest modification to enlarge the networks such that their expansion properties are maintained in some sense.
Proposition 5.1. Suppose G 1 , G 2 , G 3 , . . ., is a family of r-regular -expander graphs. Then C k (G 1 ), C k (G 2 ), C k (G 3 ), . . . , is a family of r-regular f k ( )-expander graphs. This implies that the lower bound of the spectral gaps of the new expander family obtained by clique-inserting is a linear term of that of the original expander family. Note that it is simple and intuitive enough to perform realistic operations on networks according to clique-insertion. So even if the expansion properties of clique-inserted lattices are not exceptional, it is still meaningful to consider clique-insertion as an approach to extend computer networks, because in reality, the trade-off between performance and simplicity need to take into account.
Let x = (
Let us apply clique-inserting to the famous expander family X p,q of Lubostzky, Phillips and Sarnak [2] . Recall that for a fixed real number 0 < γ < 1/6 and sufficiently large q, the spectral gap of X p,q is bounded from below by ε(r) = (p + 1) − p 5 6 +γ − p 1 6 −γ . By Proposition 5.1, for a fixed odd prime p, C(X p,q ) is a (p + 3 − p 2 + 2p + 4p 5 6 +γ + 4p 1 6 −γ + 5)/2-expander family with degree p + 1. More generally, C k (X p,q ) is a f k ((p + 1) − p 5 6 +γ − p 1 6 −γ )-expander family.
